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LETTER

Slater sum for an inhomogeneous liquid of Fermions generated
by a sech’x potential in one dimension

N.H. March®® and L.M. Nieto®*

“Department of Physics, University of Antwerp, Groenenborgerlaan 171, B-2020 Antwerp,
Belgium; *Oxford University, Oxford, England; “Departamento de Fisica Tedrica,
Atomica y Optica, Universidad de Valladolid, 47071 Valladolid, Spain

(Received 16 November 2009, final version received 21 November 2009)

In one dimension, the Slater sum S(x, 8), which is the diagonal element of
the canonical density matrix, satisfies a known partial differential equation
characterised by a one-body potential V(x). Here, for the case of a sech’ x
potential in one dimension, it is stressed that S(x, 8) is explicitly related to
the limit So(8) as V(x)— 0 and to V(x) itself. This is the same input
information as in the Thomas—Fermi result. The relevance to density
functional theory is emphasised.

Keywords: inhomogeneous Fermi liquid; Thomas—Fermi limit; exact slater
sum

In a recent article [1], we have been concerned with extracting a one-dimensional
potential V(x) from the Slater sum S(x, 8). In wave function terms, this quantity is
defined by

S(x, B) = D Wi (Vi) exp(—pei). (1)

alli

with B the inverse of the thermal energy kgT: B=(kgT)~'. Here, the wave functions
¥ix), together with the corresponding eigenvalues ¢;, are generated by the one-body
Schrédinger equation

Hyi(x) = enprilx), (2
where the Hamiltonian H, in units such that 77 =m =1, is given by
1 d?
H=—-— : 3)
2dx? + V)

Going back to the early work of March and Murray [2], it is known that S(x, 8)
satisfies the partial differential equation

19S(.p) S, ) 0S(x. ) 1dV(x)

§ o ox9p o 2 dx SnA =0 @
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It is relevant for what follows on the sech’x potential, to note that the Thomas—
Fermi (TF) approximation, valid for V(x) varying slowly with x, yields

Str(x, B) = So(B) exp(—pV(x)), )
where Sy(p) is the free Fermion limit V(x)— 0, given by
So(B) = np)™ /2. (6)

While Equation (5) has a limited range of validity for V(x) almost constant in
space, the purpose of the present Letter is to emphasise that the same input
information characterising Stg(x,8) in Equation (5) determines S(x, ) for the
sech?x potential focussed on below.

Specifically, we take the potential V(x) to be defined by

V(x) = —y* sech?(yx), (7)

which is known to generate a single bound state with energy given by gy = —)*/2. The
normalised bound-state wave function ¥(x) is known to be [3.,4]

Y(x) = \[; sech (yx), ®)

and hence the contribution, Sy(x, 8) say, made to the Slater sum (1) is given by
1
S, ) = 5 sech(rexp(Br/2) = =5 exp(Br/2) V), ©)

the second step involving Equation (7). As shown in [4], the continuum
(¢) contribution to the Slater sum S(x, B) is given by

1
Se(x, B) = So(B) — TyerfC(v 2By/2) exp(By*/2) V() (10)
the total Slater sum being

S(x, B) = Sp(x, B) + Sc(x, B). (11)

The entire x-dependence of the total Slater sum for this potential is seen from
Equations (9)—(11) to be contained in F(x), somewhat analogous to the TF
approximation quoted in Equation (5). Sy(B) defined in Equation (6) enters both
expressions (5) and (11), the latter via Equation (10). Of course, the remaining
p-dependence, while elementary in the TF limit (5), is much richer for the sech?(yx)
potential, via Equations (9)—(11).

Let us next return to the partial differential Equation (4) for the Slater sum
S(x, B). Then, the shape of S(x, 8) in Equations (9)—(11) for the sech’(yx) potential
can be written in the compact form

S(x, B) = So(B) + V(x)h(B). 12)
Substituting this form into Equation (4) it is readily shown that:

dn(p) (i V)V (x) — L7 (x)
dp V(x)

)it = = 5508, (19
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But for V{(x) in Equation (7):

V)V (x) — 5 V(%) _ _yj’ (14)
V'(x) 2

and we recover A(B) as above in Equations (9)—(11). Any potential satisfying
Equation (14) will evidently lead to the form (12) for the Slater sum. This is related to
density functional theory (DFT), which works with a Fermion density n(x, E) related
to the Slater sum by inverse Laplace transform [2].

Finally, we return to the approximate TF result (5). We propose a generalisation
of the form

S(x, B) = u(B) exp[—V(x) g(B)]- (15)

By substitution in (4), we show that the ‘generalised TF form’ gives the precise result
for S(x, B) for the harmonic oscillator potential

V) = 50" (16)
We find specifically
2 W
¢(B) =~ tanh(5 (8- C1)). (17)
&) (18)

u(p) =

sinh(w(B — C1))’

where C; and C, are integration constants. When C;=0 and C, = /w/2m, this
coincides with the well-known result [1]:

1 1/2 ,360 1/2 ) ﬂa)

Of course, this is less general than the result involving Equations (12) and (14), which
work for the sech’(yx) potential.
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